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Abstract 
The pu中oseof this paper is to demonstraもe(1）色hee担任
tence ofWalrasian equilibria, {2) nece田町yand su侃cie叫 condiト
tions for dynamic S同.b1lityof a Walrasian equilibrium, and (3) 
a sufficient condition for disc問 te-timedisequilib円umdynamic 
process to lead to chaos in a general diseq山libriummodel which 
h田 stochasticrationing叩 dpnce fleXlbility. The results sug-
gest，もhatthe propensities of disequilibrium dynamics depend 
upon the speeds of adJusもmentof prices and qu阻 tities,and 
upon the number of W alrasian eq・山l】bria.
Key words : A discrete-time disequilibrium dynamics, 
Multiple equilibria; Stochastic rationmg; Chaos. 
1. Introduction 
Over the p出tfew decades a considerable number of studies have 
been made on the non-Walrasian economy Major contributions to 
econom1cもheoryhave been devoted to modelling economic activity, 
when pric田 arerigid [Clower (1965), Barro and Grossman {1971), 
Benassy (1975) and Dreze (1975)]. Benassy {1975) and Dreze (1975) 
proved the existence of the non-Walrasian equihbna inもhegeneral 
quantity consもramtmodel. It is well known by now that the effective 
demands derived from determmistic constraints (the Clower-Benassy 
or Dreze effect附 demand)may be not cons1sもentwithもhema討m1za-
tion of utility. This difficulty led researchers toもheidea of stochastic 
rationing schemes, suggesもedfirst in Benassy (1977). As shown by 
Gale (1979), Green (1980), and Svensson (1980, 1981), the effecも問
demands with stochastic r叫ioningare consistenもwithもhemaximizaー
もionof expected utility. The macroeconomic imp！目前10nsof the idea 
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were mvestigaもedby Honkapohja and Ito (1985). Furthermore, M叫－
sumoも0 (1993,1994）山diedthe complex d~namics in a simple di田
q立rlibriummacroeconomic model. He considered a貴xedprice econ 
－ omy in which demand is n。tC。mpaもiblewith suppl.~ and in which 
阻 individual's。Pも泊ialbehavr。r回subJecもt。sもochastrc日もiomngIn 
such environments, he demonstrated that the adjustment proce回目
mherently nonhnear and generates complex dynamics involving chaos 
throughもheinteraction of the mdrvrduals’behavior m different mar-
kets. However the effective excess demands evid~ntly in宜uencethe 
evolut10n of prrces over time Therefore, the movement of prrces and 
quantiもyfrom one period加もhenexも， namely,disequilib巾1mdynam-
icsi should be an impo凶antproblem to be solved inもhediseqmlibrrnm 
models 
This paper examines the dynamics of a disc問te-timedisequilib-
rium dynamics in a general disequilibrium model wiぬもhes臼chastic
r叫ioningand prices flexibrlity and demonstrates the existence of Wal-
rasian eqmlibria，回dnecess訂yand su缶cienもcondi七ionsfor dynamic 
stability of a Walr田ianequilibrium, and sufficient condiも10nsfor the 
disequilibrium dynamics to lead to complex dynamics by applying the 
H叫atheorem [Hata (1982)]2. 
The fundamental structure of this model is similar to that of 
Il:onkapohja and Ito In the model stochastic effective demands are 
determined by maximization of expected utility or expected profit 
subject to stoch田町 rationmg.Since individuals cannot realize their 
desired transactions in such environmen臼，もheactual transactions are 
g:nerally different from the expected transactions. These disequilib-
rra c叩 sem出 roeconolll!cdynamics in出emarkets. We consider an 
economy in which there are m田 ygoods and many factors, and m 
whichもhereareもhemulもipleequilibrra In such叩 environment,we 
demonstrate出叫 ifthe adjustment speeds of prices and quantity are 
sufficiently fast, then a disequilibrium dynamics is chaotic m the sense 
of Li Yorke. 
In section 2 and 3, the structure of a general diseqmhbrium model 
and the stochastic rationmg mechanism are specified. Conditions of 
multiple equilibria and chaos, respectively, are demonstraもedin section 
4 and 5. A few concludmg remarks are given m section 6. 
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2. Model 
Consider an economy in whichもhereis a五nitenumber of states, 
s = 1,2，・ , S,that are realized at the end of a permd，叩dm which 
there町ek goods (ouもputs)and ( z -k) factors (inputs). Letti時 Pn
be the price ofもhen'"good, n = 1,2,. . ., k, and Pm the price of the 
m'" f配もor,m = k + 1,k + 2,..・…，z,these prices are summarized by 
the vecもor・
p= (p,,p，， ・H・ a ・ •.,pk, Pk＋！•···· ・...,pz). (1) 
We define the market signals白山eaggregaもeexcess demand m 
もhemarkets th叫姥entsexpect at the bignning of a period. The 
mαrket s句nαlsin the n'" good market and the m'" factor market, 
respecもively,are denoもedby ~n, and ~m. Letting ~ be the vector of 
the disequilibrium signals of good markets and factor markets : 
e = (ei,e, .....ー， ek.€k+1.... ,€,). (2) 
that 
Leもusconsider the following situat10n ・ 
Aももhebeginning of the period t, al households and firms in a 
competitive markeもaregiven the mおrmationof prices No agent can 
know the sもatesもh叫 isrealized at the end of a period. It means that 
the agents cannot know the actual demand and the acもualsupply 
certainly Accordingly an agent forecasts the market cond泊ions回 d
h田 expectat10nswi出 respecttoもhemarkeもsignalsもhatare defined 
田 theaggreg叫eexcess demand in the market aももhebeginning of the 
period t Based on the expectations, an agent forms hIS subjective 
probability distribution of pro~ortion that he is allowed to trade aも
もhedecision-making point in time. The agents’offerもhatis effective 
demands which take stochastic constraints mto accounもarecalculated 
田 aresult of expected utility (or profit) maximization. Then some 
proportion of each ofer is realized, where the rationing proportion is 
stochastic 
2.1 Households 
In an economy ti町 eare H households, h = 1, 2, ,H, (e田h
of which owns certain factors) and F firms, f = 1, 2, ..... , F, (each 
of wh凶 purchasesinputs from factor田町ke旬加 produceoutputs). 
Each household can own the shares of丑rmsand thereby receive a 
6{; 
portion of their pro批s.The toもalincome from sales of factors and 
ownership of firms is used to be purch田edby household. 
We let 
c~ is the h'h hm闘 hold’se百ectivedemand forη凶 good,n = 
1,2，一 •.,k, r~ is the effective supply of the m'h facもorsold by the h'h household, 
m=k+l,k+2，ー・，z,
九 is七heprobabiliもy叩beliefsof an agent in the S凶 es, s = 1,2, . 
s, "' ＝町（~） > 0,and I:;=l r, (€) = 1, 
e~ ，， isもhe阻 ti。n
E。odmarkeも叩dm the sもates’ 
σ！：， is the叫 i。nir
五瓦ctormarkeもandinもhes色aもes’ 
e~ch is the r開 vecもorof the叫 ualもradeinもhen'h good markeも
percieved by h'h household in the states is e~ ，， c~ ， 
σ~ rh is the row vector of the actual trade mもhem'h factor market 
percieved by h'h household inもhestate s isg九，＇r!,.
The utility of h'h household, which depends on boもhgoods con-
sumed and facもorssupplied, is : 
Uh = Uh(e~ch ， σ~rh). (3) 
We田sumevoluntary exchange, that is, the h'h household is never 
forced to buy or sel more出叩 hisoffers in al the markets and in al 
the sもates:
。三 e~ ，， 壬 1，。壬 σ：：，" :'O1. ( 4)
Let ting s~ beもheshare of the f'h自rmowned byもheh'h household, 
and σf the pro自tofもheJ'h firm，もhebudgeもconsもrainもforthe h'h 
household is : 
' F k 
L Pmv:;,,,r:;,,,+ L市f 三 LP;e~ ，， c~ ， with probability unity, 
m=k+l f=l n=l 
(5) 
where the first term onもheleft givesもhetotal income from the sale 
of factors percieved byもheh'h household, the secondもermonもheleft 
givesもhemcome from ownership percieved by the h'h household, and 
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the term on the right givesもhetotal expenditure percieved byもheh'h 
household. Thusもheproblem now is to maximize the expected utility 
forもheh'h household 
s 
杭 E[Uh]= ~ ir（~） Uh似
subject to the budgeもconstrainもstatedin (5). 
The effective demand forもhen'h good of the h'h household, and 
the effective supply of the m'h factor of the h'h household may be 
derived担 functionsof tlie-'pnces andもhemarkeもsignals
c~ = c~ ,(p，~）， r~ ，， = r主 ，（p,€). (7) 
The aggregaもeeffecも附 demands for the n'h good 'c~ and the 
aggregate effective supply of the m'h factor, R:O are, respectively, 
calculaもedby summing over households : 
H H 




c~ is the f'h五m’seffective supply of tl町 ，thgood, n = l, 2，・…，k,
rfn is the J'h firm’s effective demand for the m'h f出 tor,m = 
k + l,k + 2,.. .,z 
ir, is the probability belieおofan age叫 inthe states, s = 1, 2，…ー，
s，π，＝π， (€) > O,and I;;;1 ir, (€) = 1,
eL isもherationing proporもions旬もheJ'h firm in the n'h good 
market in the state s? 
σム，. isもheraもi。E』
market inもhesもates,
e~ ,c~ is the actual trade in the n'h good market percieved by J'h 
firm in the s比tes, 
σfn,. r{, isもheactual trade in the m'h facもormarket percieved by 
J'h firm mもhestates s, 
σ｛ rlis the row vector of the actual trade in the m'h f配句rmarkeも
perc町 edby f'h世間1in the state s，σ！，rf,. 
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The profits of the J'h firm，σf, aτe revenue from sales les costs of 
purchases : 
σ1 = "L,PneLc~ -L, Pmσムん
n;I md+l 
We田sumevoluntαry exchange，もhatis, the J'h firm is not forced 
to buy or sel moreもhanhis offers m al the markets and in al the 
staもes: 
。三eLs i, o sσ!n, :5 I. 
Each firm maximizes its expected value of出eprofits subjecももO












subject to f（ψ＇l三L,eLc~ ， with pro凶.bilityunity. (11) 
n;J 
The constrainもdictatesthaもhefirm does noもo百ermoreもhanもhe
output which can be produced fromもheleast realized purchase from 
the factor marke旬
The effecもivedemand for the m'h factor and the e町ecもivesupply of 
the n'h good may be derived田 functionsof the prices and the m町ket
signals ・ 
r!, = rム（p,€), c~ = c~ (p, €）ー (12) 
The agg問g叫eeffecもivedemand五orもhem'h f田torRユ， andもhe
aggregate effective supply of七hen'h good, c~ respectively are : 
F F 
R広＝乞仏（p,€), c~ ＝乞 c~ （p,€). (13) 
/;! /;l 
M,Jt;pk Eq"'hbri• md Dyn町田sm, Gmra! D•~q"'hbri"m Mood 69 
3. Stochastic Rationing Mechanism 
Let us use the m'h factor markeもodescribe a sもochasticraもiomng
mechanism. We田sumeth叫七helevel of aggregate trade isもhelesser 
ofもheaggregate effective demand andもheaggregate effecもivesupply, 
the so-called short-side rule. Formally : 
えTI＝凶n[R;,R日， (14) 
where 凡ηisthe actual trade. This condition imposes further re 
strictions on stochastic rat10mng probabiliもydistribut10ns. In orderもo
saもおか（14),the aggregate trade onもhelong side is no longer stochas-
tic, but determinisもicat the level ofもheshort side. Although the 
trade level is determmistic, an agent on the long side faces stochastic 
trading. Formally, we have the followmg relationships : 
If ~m 三 O，もhenσt;.,, = 1 with probability 1. 
If Em三0,then σム，= 1 wiもhprobability 1. 
Co四 derthe h'h household offering r:, if F 三Q. It perceiv田
副 ualtradeσ：， 'r：， 田 random.For the sum of al households，もhe
actual aggreg叫etrade h田もosatisfy 
H 
Rm= lン；， r;, ＝ほ if Em三0. (15) 
h~l 
The f'h firm, which offe四 r!,.,perceives the ac七回linput σf..,rf. 
田 random,if EmとQ.For the sum of al firms，もheactual aggregaもe
trade has to satisfy 
F 
九 ＝2ン！，，r{,. = R;,, if Em ~ 0. (16) 
f=l 
Similarly, we can consider出esもochasticrationmg mechamsm of 
the n'h good market We田sumethe short』siderule onもheactual 
trade in the n'h good market : 
Cn = m叫C~ ， C~｝， (17) 
where Cn is the actual trade in the n'h good market Smce the 
aggregate trade onもhelong side is no longer stochastic, but determin-
1stic at the level of the shor七side,we haveもhefollowing relationships 
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If €n 三 O, then eL = 1 with probability 1. 
If €n 三 0, then e~ ，， = 1 with probab山y1. 
The actual trade amounts of the n'h good are formulated parallel 
to (15) and (16）。 Formally:
H 
tn = I:; e~. ， c~ = c~ ifふ三0. (18) 
h=I 
F 
tn =I:; e~ .• c~ = c~ ， if €n 日. (19) 
/=I 
The aggregate excess demands for the n'h good and the m'h factor 
世 eobtained bY, subtracting the aggregate e町ectivesupply from the 
aggregate effective demands : 
En(P,€) = C~ （p,€) -C~ （p,€), n = 1,2, ..ー，k. (20) 
Em(P,€) ＝時（p,€)-R:,,(p,€), m=k+l,k+2, .. . ,z. (21) 
We田 sume回目allows,
Assumption 1 : 
月E;ニー→0, 田 E→0, (i,j=l,2 ..・.., z). (22) 
8€; 
where i and j denote e泊herof a good or a factor 
If we田sumethat prices are announced andもhemark叫 signals
are expected by agenもsat discrete time intervals, then the rule that 
determines the adjustmenもsm prices m each per10d can be stated出
a discrete dynarruc process. Let us consider ・ 
p;,t+I ＝長ぃ＋α；F;(fi,,e,), i = 1,2，・ー .,z; (23) 
where Pt = logp, and F；（九ふ）＝ψ；［E;(expfi,,e，）］.ψ；［.｝ is the 
price adjustment function for the ;th good (or fac同r)markeももh叫 is
assumed to sign preserving function of the arguments, and α，is the 
M"ltiplo Eq"il•bri•叫D戸四目白 aGeneral D問中11ibnumM曲 I71 
adjustmenもcoefficientth叫 ispos1t1ve. The price adjustment equa-
t1ons state thatもherate of change of any pnce is叩 increasmgfunc-
t10n of excess demand for that commodity which decreases田 excess
demand decreases. 
When the expect叫ionsof an agent are different from the actual 
m町民も disequilibria，もheyrevise their expectations adapもivelyand 
changeもheirbehavior m the nexもperiod.Thenもheprocess described 
above repeats iもselfWe may imagine the following dynam¥c process 
i;,,+i = i;,, + (3;G;(p,,i;,), i = 1,2，…，z; (24) 
where G; (p, Et) ＝め［E(expp,,i;t)-i;,J, ＜／＞；日isもheexpectations ad-
justment function for七he,th good (or f配 tor)market thaもisassumed 
to sign-preserving function of the町guments,and 命 isもhequantity 
adj usもmentcoefficient for the diseqilibrium signal th叫 isa positive 
constant 
The expectations adjustment equations state that the expected 
value of the markeもsignalis raised ifもheacもualvalue of the market 
disequilibrium is higherもhanthe expected value 
'For convenience of analysis, we rewrite the adjustment equat10ns 
(23) and (24）田 follows; 
Xt+i = X, + (H(Xt), X, E R2＇’ (25) 
where 
???
?、? ? ?? IαF（九ふ） l (H(X，）三｜｜lβG(p,, Et) J (26) 
where p; and i; denoteもhecolumn vectors of命，tand i;,, respectively 
and αis the diagonal matrix ofα；， and βthe diagonal m品目xof (3;, 
and F(p,,i;t) and G(p,,i;t) denote the column vectors of F;(p,i;，） 叩 d
G；（九ふ）， (i = 1,2, .,z) respectively. 
4 Existence of Multiple Equilibria 
In the foregomg section we specialize a disequilibrium dynamic 
process. This section is concerned wiもhthe existence of equilibria in 
the foregomg dynamic system (25). To prove the existence of equi-
libria, we use the well-known PoincarιHopf theo陀m The eqmlibria 
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町ep剖rsof X隼＝ (fi', C) if (i）田tualexcess demands for in~uts and 
outpu臼 equalzero so the pnc田 andwages level p isunchanging ; (i) 
the vector of the market signals € equals actual excess demands so € 
町eunchanging Therefore, in al equilibria e剖chmarket signal i; musも
be equalもozero, th叫 is,X事＝ (fi*,O). 
Let us田 sumethatもhesもatesp配 eof the economy defined above 
can be represented by a mamfold with boundary, and the econormc 
sysもemis self co問 ctingfor extreme disequilibna : as some price (or 
some wage) goes to the lower (upper) boundary of the state sp田e
of economy, its excess demand becomes positive (negative) As some 
quantity signal goes toもhe-boundary, the economic system becomes 
s七rongenough to push the system away from that boundary. We de-
fine H 描 acontinuous vector自eldwhich is composed of the functions 
F1 （ι€），F2(fi,€), .......，凡（戸，€） ,G1 （長，€），G2(fi,€),..... ,G，（長，€） ·We 田－
sume田お!lows: 
Assumption 2 (the boundary conditions）ー（i)The st叫esp田eof 
the economy is a compact convex multidimensional smooth mamfold 
with a boundary which we will denote by M. Hare contmuous vector 
五eldon M. 
(i) The vector field H P。intsin 
(ii) The econ。myde五nedby H is regular. 
On the Jacobian determinanもofthe excess demand functions F 
WIもhrespecももoprices we田sumefurth町田follows: 
Assumption 3・
{-1)' det{DF（孔i;')< 0，叫 anyequilibrium. {27) 
where det(DF｛長掌’C))denotesもheJae。bian吋ideter町ninanもof九（員寧，E掌），
F2（持＂，C),... F，（戸．》€＇） wiもhrespect t。戸＂p, ...，戸' We can geもthefollowmgもheorem
Theorem 1 If Assumpもionl, 2 and 3 hold, thenもheremusもbe
multiple equilibria of the economic system 
Proof From Assumption 2, -H de自nesa smooth vector field on 
the disk which pomts outwards on the boundary of M 叩 dh田 afinite 
number of isolaむedequilibria Smce 
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制 DH似つ）＝同g~叩F似つ），間
from Assumpもion3，もheJacobian determinant, 
<let( DH(fi",C)) 
evaluated 叫 aequilibrium x’＝ (P*,C) is neg.叫ive.By.the Poincare-
Hopf th田町間3,while the index of the equilibrium X鯵 is-1，もhesum 
mation ofもhemd1ces of each eqmlibrium musもbe+ 1. Therefore, 
Theorem 1 holds. Q.E.D. 
We obtain Theorem 2田 i臼 corollary
Theorem 2 : Assumeもhat
(-1)' det(DF(p' ,C)) > 0 at al equilibria. (29) 
Under the田sumption(29), there ex1sもaunique equilibrium, x・ = 
(P* .Cl・ 
Its proof is omitted smce iもfollowsfrom Pomcare-Hopfもheorem
5. Dynamics 
In this secもionwe mvest1ga白山edynamical propensities of d1se-
qmlibrium dynamics. 
bigskip. 5.1 Stability of the equilibrium 
To begin with we demons廿叫ea necessary and sufficient condition 
for the Walrasian equilibrium to be locally sもable.
Theorem 3 : Assume that 
(i) 1 ＋町DF;;> O , and DF;; > 0 (i# j）・
(i) 2 < {3;DG;;. 
(ii) (Hi目ksconditions for perfect stabiliもy)•
・『 IDfl”DF;; DF" I I DF;; DF, I I 
DF;;, ID乃， DF；~ 卜 u> i), I £~t £9,: £9,~ I ・ u>j > i), 
「 IDFI
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where DF;; = {)2 F（仇 ： ~t)//Jp;/J員＇j• (i,j = 1,2, .....・，z), are alter-
nately negative and positive. Underもhe田sumptionsthere is a umque 
Walr田町1equilibrium x• = (ft" ，~·） andもheW alrasian e司uilibriumis 
locally stable. 
Proof: 
Fromもheorem2 itおllowsもhatthere is a unique Walrasian equilib-
rium. The stabiliもyof the equilibrium requires that that the moduli 
of alもhecharacterisもicroots of (25) are les than umty 
For simplicity of analysis leもusrewrite the d1sequihbnum dynam-
ics (25）田 follows: 
x,+1 = w,(x,), X, E R2' (30) 
where W(X,, () = X, + (H(X,). The Jacobian matrix of Wc(X") 
with respect to the equihbrmm X" IS拙 follows,
明 （X")= （世） (31) 
where A, B, C and D are the square submatrices which have order 
z×2・AdenoもesもheJ ar.obian matrix of fi ＋α，F;(fi".C), with respect 
top;, (i = 1,2, ..・.,z), B the Jacobian matrix of月十向F;(fi".C),
w仙 respeeももoEi, (• = 1, 2，… ,z), C the Jacobian m叫rixof 
Ei +{3,G;(p•, C), wiもhrespect to fi, (i = 1, 2，…，z), and D the Ja 
co bi叩 matrixe;+{J;G;(fi",C), w1もhr田pectもoe;,(i=1,2, ..…，z）・
針。mA田umption1, B is a null matrix. Iもmeansth叫 DW(Xつ
is decomposable. ThereforeぬeJacobian determina凶 ofDW(X) is 
??? ???
??
? ????????? (32) 
It meansもhaももheproof can be divided into two p町ts First, it 
will be shown that al the charactenstic roots of the maもnxD have 
moduli les than 1. Second iもwillbe shown that the moduli of al 
characteristic roots of the ma凶xA are lesもhanumもy.
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Dis出edi碍onalmaもr
一2< /3；包DG”’ alもhecharacもemsticroots ofもhediagonal m叫rixB 
have moduli lesもhan1 This completes the畳間七 par七ofour proof 
By田umption3 (i), A can be made non-r珂抗ive.ByもheFrobe山18
もheoremon non-negative matrices, A h描もheFrobenius root p(A) 
叩 dp(A) is greater than the moduli of al characteristic roots of A. 
Therefore if p(A) is les th叩 unity,then al characteristic roo臼 ofA 
are les than umもy
The characteristic equation of the matrix A is 
1＋α1DFnー λαiDF12
α2DF21 1 ＋α2DF22 λ 
αiDF,, 
α2DF2, = o.(33) 
α，DF,, α，DF,2 1＋α，DF，ーλ
where λis a ch町ade口叫icrooもofA. In iもsexpanded form，もhis
equation may be written 
で「 Y「 η ｜α，DF； α，DF; I 
p＇ー〉；町DF;;pn-1+) : ；α＇iP "I , , I 
，＿＿，ムJ ' Iα2D乃sα2DF;;I 
＋…＋（ー1）＇α1α2αzIDFI = 0. (34) 
where p = （λー1）ー Smceもheαzare al pos凶ve,we know by 
Descartes' rule of signs that (34) c叩 haveno positive real roots equal 
to or greater th叩 umtyif the determinants, 
・ , I DF;; DF;; I DF;; DF; I I 








町ealternately negaもiveand positive This compleもesproof of dyna立証c
叫abilityof the equilibrium, X' Q.E.D. 
5.2 Chaotic dynamics 
Then we demonstrate a su缶cientcondition forもhediscrete time 
diseqmhbnum dynamic process to lead to chaos. Smce agents c叩 not
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realizeもheirdesired transactions in our model, actual transactions are 
generally d1除rentfromもheexpecもedtransaεも10ns.These disequilib-
r1a in the markets cause macroeconomic dynamics. If the econo田 c
system h田 multipleequilibria, then we can arrive at the following 
impor同ntresult : 
Theo陀 m4 dynamic If Assumptions 1 and 2 hold，もhenthere 
exist positive numbers of the adjustment coe缶口entsa' and {J' such 
that the disequilibrium dynamic proce田｛25)is 。chaoもic五or叩 yαt
satisモying向〉α車 andany {J; saもisfying{J; ＞β・for(i = 1,2, ..・ー，z).
Pれoof:Theもheoremcan be proven e田ilyutihzmg Theorem 1 and 
Ha旬、theorem.[See Hata (1982)]. Now we describeもheproof of the 
above theorem. 
Let us rewrite the diseqmlibrum dynamic proc田s(25）田follows: 
Xi+1 = W<(X,), X, E R2z {35) 
where w,(x，） 三九十（H(Xt).From Theorem 1 there are at least 
two equilibria, x・ and x . in the equat10n (35). 
Let B(X, r) denote the closed ball in R2' of radius r centered aも
x. 
Before proving theorem 2 we shall pesent prehminary lemmas See 
Hata {1982) about the proof of lemmas. 
Lemmα4.1: There exist r1 > 0 and (1 > 0 such thaもd叫DW<(X)f 
0 for any ( > (1 and any XE B(X', r1) U B(X", r1). 
Lemmαイ2: There exist r2 > 0 and λ2 > Osuch出品 aleigen 
values of det DW<(X) exceed unity in norm for any ( > (2 and any 
XEB(X’， r2)・ 
Lemmα4.3: For a su自cientlysmall open neighborhood u of x・
and any bounded seもV，もhereexists (3 ( U,V) > O suchもhatthe equa-
tion w，（匂）＝ vh出品 leastone solution u E U for any ( > (3 ( U,V) 
and any v E v.Note that the similar arguments hold for X". 
Now we are ready forもheproof of the theorem Select su缶－
ciently small open neighbourhoods U, V of X', X" respectively such 
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thaもUn V = </J and Lemma 4.3 holds for both X • and X.. Let 
r• = min(r1,r2）叩d(' = max((1,(,.(3(U,V).(3(V,U)). Without 
loss of generality we can酪 sumeti叫 U C B(Xヘ「） and V c 
B(X",rつ－ By Lemma 4ムforany ( > (', there ex田もりcE V 
and包CE U such th抗 Wdη）= x’and w,(ud ＝η・Sin白
deもDWc（包d,.,0叩 ddetDWdvd ;6 0 by Lemma 4.1, we C叩 find
re > 0 such thaもB(u,,rc)c B(Xぺ〆）， WdB(u,, re) C V and 
W{(B(u,, re) C u，叩dboth w, IB（町内） and We lw,(B(u"r＜））町e
homeomorph1srr也 Fmallydefine compact sets {Bk｝ーoo<k壬2田ゐ1-
lows: 
B1 = WdB(u,,rc)), B, = W((B(u,,rc)) 
and B k = Wf.k_(B(u,, re)) for k三O,since wz-• is well-defined 
by Lemma 4.2 This shows that x・isa snap-back repeller. Obv1-
ouslyもhesame argumenもholdsfor X''. Marotto (1978) showed that 
multidimensional discrete-time systems are chaotic if they have the 
snapback repeller. Hence the completion of the proo王Q.E.D. 
6 Concluding Remarks 
This paper demonstrates a necessary and su缶cientcondition for 
dynamic stability of a unique Walrasian equilibrium, and a sufficient 
condition五ordiseqmlibrium dynamics, to lead to chaos in a general 
disequilibrium model wiもhsもochasticrationing and price flexibility. In 
conclusion, (i) If Hicks conditions of perfeot stab脳yholds, and the 
adjustment speeds are sufficiently slow, there 1s a unique eqmhbrmm 
and the equilibrium is locally sもable.(i) Ifもhere町emulもip_leequト
libria, and boもhofもheadjustmenもspeedsof prices and quant1t1es are 
sufficiently f田 t，もhediseqmlibnum dynamic process is chao七ic,in the 
sense of Li Yorke. 
The foregomg results suggest that the propensities of disequilib-
rmm dynamics depend on the combmations ofもheadjustment speeds 
andもhenumber of equilibria. What h田もobe noticed is th叫 the
existence of multiple eqmhbna is noもanecessary condition, but one 
of the sufficient conditions for the disequilibrium dynamics to lead 
to chaos. The occurence of chaos means that the dynamic structure 
is inherently nonlinear. While the existence of multiple equilibria is 
sufficient for the nonlinearity of the dynamic system, iもisnot always 
necessary. Thus iもremainsan unanswered question wh叫町eneces-
S町yand suffic1enもcond比ionsfor chaotic dynamics, it needs fu凶her
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consideration. We also need to exもendもhedynamic analysis by us-
ing an intertemporal model ofもhehousehold and the firm, that is, 
自rmsmay carry over inventories from one periodもoもhenext, jusも出
households may held money balances5. 
In recenもyearsseveral attempts have been made by scholars to 
show wheもherもherewere empirical evidence of deterministic chaos of 
macroeconomic variables [Brock and Sayers (1988), Frank, Gencay 
副 dSもengos(1988) and Frank and Sもengos(1988)]. So farもhereis 
not enough evidence to decideもhematter, but it seems likely出品
irregular fluctuations of ・many macroeconomic variables are chaotic. 
Our results may offer the key to anもheoreticalexplanatrnn of why the 
time series of many macroeconomic variables have the appearance of 
having irregular畳uctua七ions
Suggestions and commen恒 fromparticipan臼 m a semmar in dy-
namic economics are gr叫efullyacknowledged，回dparticularly com 
ments from Richard H. Day. This research w田 supportedbyもhe
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Notes 
1The focmulation of out-of・eqmhbnum tcansactions m the non-tatonnement 
literntuce [Neg<Shi (1由1)and Hahn and Negishi (1962)] pcefigu目dsome国 pee旬。fnon-Wakasian analyois. 
2The Hata theocem genernhz田 Yamagut凶似anotheocem [Yamagub and 
Matano (1979)]. Pcevious paper [KaizoJ• (1994)] demonstrated suflic>e叫 condi-
tions for the discrete-time tatonnement process to lead to chaos in the compe出1ve
economy with two commod1ti田 byapplying Yamagut1-Matano theorem 
3For a clear exposition and proof of the Pomcare Hopf theorem see Milnor 
(1972), Yanan (1975），田dMas-Colell (1985). 
4See Metzler (1945) for a ful account of Hicks conditions 
SFor an example of the an intertemporal model of the firm and household see 
Muellbauer and Portes (1978). 
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複数均衡と不均衡動学
〈要約〉
海蔵寺大成
過去数十年の問、一般均衡モデルの均衡存在とその価格調整プロセスに関
して多くの研究が積み重ねられてきた。これは、市場の価格調整メカニズム
が自然に経済システムを均衡状態に導くという基本的アイデイアを多くの経
済学者が受け入れていたためである。しかし、現実の経済では、需要と供給
が議離している場合、価格による調整だけでなく、数量による調整が同時に
行われるのが普通である。それにもかかわらず、現在まで価格と数量が同時
に調整されて行くメカニズム、いわゆる不均衡動学の研究は十分行われてき
たとはいえない。
この論文の目的は価格調整と数量調整が同時に働くモデル（一般不均衡モ
デル）を構築し、その不均衡動学プロセスの性質を調べることである。我々
の主要な結論はつぎの二つである。（ 1 ）経済システムが唯一の均衡点を持
ち、かっ価格調整と数量調整の速度が十分に遅い場合、経済システムは均衡
点に収束して行く。（2）経済システムに複数の均衡点が存在し、かつ価格
調整と数量調整の速度が早い場合、価格と数量はカオス的な変動を起こし、
均衡状態は達成されない。
